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Autonomous Hamiltonian systems

Consider an N degree of freedom autonomous
Hamiltonian systemhaving a Hamiltonian function of the

form: positions momenta
A A

V4
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The time evolution of an orbit (trajectory) with initial
condition

P(0)=(q,(0), .( 0) (©).pd0). p( 0) (O)) P

IS governedby theH a mi | egoatiansof motion
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Variational Equations

We use the notation x = (4,09, ,dn.P1,P»€ ,py)'- The
deviation vector from a givenorbit is denotedby

v = (Ux,, UX,, eux,)', with n=2N

The time evolution of v Is given by
the sacalled variational equations:
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where
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Benettin & Galgani, 1979, in Laval and Gressillon (eds.), op cit, 93



Symplectic Maps

Consider an 2N-dimensional symplectic map T. In this
casewe havediscretetime.

This Is an areapreserving map whose Jacobian matrix
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Symplectic Maps

The evolution of anorbit with initial condition
P(0)=(x(0), %( 0 ) ,\0)) X

IS governedby the equationsof map T
P(i+1)=T P(i)

The evolution of an initial deviation vector

v(0) = [@x4(0), ux,( 0 ) Uxg(0))
IS given by the correspondingangent map

vi+1) =" &0 =012,
1P|



Lyapunov Exponents

Roughly speaking, the Lyapunov exponentsof a given
orbit characterizethe meanexponentialrate of divergence

of trajectories surrounding it.

Consideran orbit in the 2N-dimensional phasespacewith
initial condition x(0) and an initial deviation vector from it
v(0). Then the meanexponentialrate of divergenceis:

6(x(0), v(0)) = lim ~In ‘:((;))“

t—ow t




Maximum Lyapunov Exponent

107t Stochastic
4 LT e
é = "::.‘E‘_i“-‘és;;;;izlmt—
24 ~.
10 .\"'ﬁ.
1 o N NN
Regular motion VRSN
T, -k, Ordered
. = \.’ \":‘\\\r
Chaotic motion o b N
N
X
S,
102 103 10°

nT

Figure 5.7. Behavior of @ , at the intermediate energy E = 0.125 for initial points
taken in the ordered (curves 1-3) or stochastic (curves 4-6) regions (after Benettin
et al., 1976).

If we start with more than one linearly independent
deviation vectors they will align to the direction defined by
the largest Lyapunov exponentfor chaotic orbits.



The
Smaller ALignment Index
(SALI)
method



Definition of Smaller
Alignment Index (SALI)

Consider the2N-dimensionalphase space of a conservative dynamical
system(symplectic map or Hamiltonian flow).

An orbit in that space with initial condition :
P(0)=(x(0), %( 0 ) @) x

and a deviation vector

v(0)=(Ux,(0), ix,( 0') uxg(0))

The evolution in time (in mapsthe time Is discrete and is equal to the
number n of the iterations) of a deviation vector is defined by:

Ahe variational equations(for Hamiltonian flows) and
Ahe equationsof the tangentmap (for mappings)



Definition of SALI

We follow the evolution In time of two different initial

deviation vectors (v,(0), v,(0)), and define SALI (Ch.S.
2001, J. Phys A) as

SALI(t) = min {|E®) +v B) | ¥ (tEv ¢ B

where

v, (0)
(t) =
& [v. )|

When the two vectorsbecomecollinear

SALI (t) Y O




Behavior of SALI for chaotic motion

For chaotic orbits the two initially
different deviation vectors tend to
coincide with the direction defined
by the maximum Lyapunov
exponent
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Behavior of SALI for chaotic motion
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Behavior of SALI for chaotic motion

For chaotic orbits the two initially
different deviation vectors tend to V,(t)
coincide with the direction defined
by the maximum Lyapunov /.. P

exponent £ (0)

v, (1)
_ SALI(t)

ro £ (1)
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Behavior of SALI for chaotic motion

We test the validity of the approximation [SALIOe(tt2t|(Ch.S,,
Antonopoulos, Bountis, Vrahatis, 2004 J. Phys A) for a chaaotic orbit
of the 3D Hamiltonian
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Behavior of SALI for regular motion

Regular motion occurson a torus and two different initial
deviation vectors becometangent to the torus, generally
having different directions.
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Applications I Hénon-Heiles system

AS an exa

mple,we considerthe 2D Hénon-Heilessystem
1 . ; L . ; : 1 .
Hy = 5(10;21: Jm’Uf,) + 5(1132 +y?) + 2%y — §y3

For E=1/8 we considerthe orbits with initial conditions;
Regular orbit, x=0, y=0.55, p,=0.2417, p,=0

Chaotic orbit, x=0, y=-0.016, p,=0.49974 p, =0

Chaotic orbit, x=0, y=-0.01344, p=0.49982, p=0
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Applications I Hénon-Heiles system
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Applications I 4D map

= X1 T XZ
= X,-vsin(x, +X,)-z[1-cos(x; +Xx, +X; +X,)]

(mod 27)
= X, *X,

= X,;-K Sill(X3 + X4)- M [l-COS(X1 + X, + X3 + X4)]

For3=0.5, 8=0.1, £€=0.1 we considerthe orbits
regular orbit C with initial conditionsx,=0.5, x,=0, x;=0.5, x,=0.

Tl

chaoticorbit D with initial conditionsx,=3, x,=0, x,=0.5, x,=0.




Applications I 4D map

— 3f]

= Xz'VSin(X1+X2)'!I[1'COS(X1+Xz+X3+X4)] 2
(mod 27)

= X, +}'(4

= X, -&sin(x; +x,)-z[1-cos(x; +X, +x; +x,)] "0y

For3=0.5, 8=0.1, £€=0.1 we considerthe orbits :
regular orbit C with initial conditionsx,=0.5, x,=0, x;=0.5, x,=0.

Tl

chaoticorbit D with initial conditionsx,=3, x,=0, x,=0.5, x,=0. °




Applications I 4D map

= Xl + XZ 3 W ‘lw—-w q .
= Xz'VSin(X1+X2)'!I[1'COS(X1+Xz+X3+X4)] 2
(mod 27)
= X, + X,
= X, -&sin(x; +x,)-z[1-cos(x; +X, +x; +x,)] T2

_1’

For3=0.5, 5=0.1, £=0.1 we considerthe orbits
regular orbit C with initial conditionsx,=0.5, x,=0, x;=0.5, x,=0. &
chaoticorbit D with initial conditionsx,=3, x,=0, x,=0.5, x,=0. ’
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Applications I 4D map

= X TX, 3

= Xz'VSin(X1+X2)'!I[1'COS(X1+Xz+X3+X4)] 2
(mod 27)

= X, + X,

= X, -&sin(x; +x,)-z[1-cos(x; +X, +x; +x,)] T2

-1

For3=0.5, 9=0.1, £=0.1 we considertheorbits

regular orbit C with initial conditionsx,=0.5, x,=0, x;=0.5, x,=0. &
3

chaoticorbit D with initial conditionsx,=3, x,=0, x,=0.5, x,=0.
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Applications I 2D map

T T [

LT N (mod 277)
X, - vsin(x, +x,)

>
ro
|l

For3=0.5 we considerthe orbits
regular orbit A with initial conditionsx;=2, x,=0.
chaoticorbit B with initial conditionsx,=3, x,=0.
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Behavior of SALI

2D maps
SALI YO both for requl ar a

following, however, completely different time rates which
allows usto distinguish betweenthe two cases

Hamiltonian flows and multidimensional maps
SALI YO for chaotic

SALI Yconstant




Questions

Can we generalize SALI so that the new index:

ACan rapidly reveal the nature of chaotic orbits with
0,U0, (SALI Ge@-i2t)?

ADepends on several Lyapunov exponents for chaotic
orbits?

AExhibits power-law decayfor regular orbits depending
on the dimensionality of the tangent space of the
referenceorbit asfor 2D maps?



The
GeneralizedALignment Indices
(GALIS)
method



Definition of Generalized
Alignment Index (GALI)

SALI effectively measuresthe 6 a r & tn@parallelogram
formed by the two deviation vectors
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Definition of Generalized
Alignment Index (GALI)

SALI effectively measuresthe 6 a r & tn@parallelogram

formed by the two deviation vectors
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Definition of Generalized
Alignment Index (GALI)

SALI effectively measuresthe 6 a r & tn@parallelogram

formed by the two deviation vectors
EZ(t

o B
rea=|&nv g 15 EP B

&,(0) v —
[0 saudUE-vRIV AL E

P(0) ) 2
Trajectory Are a SA L I




Definition of GALI

In the caseof an N degreeof freedom Hamiltonian systemor
a 2N symplecticmap we follow the evolution of

k deviati on vectors wi

and define (Ch.S., Bountis, Antonopoulos, 2007, PhysicaD)
the GeneralizedAlignment Index (GALI) of order k :

GALI ()= |Et) ov ) 2. @

where v(t)
-
SO 0]




Behavior of GALI, for chaotic motion

GALI, (20k2N) tends exponentially to zero with
exponentsthat involve the values of the first k largest
Lyapunov exponentsu,, U,, é , U,

GAL' k(t) g e'[(ﬁl -0 )t gl - Gl)k+].

The above relation is valid even if some Lyapunov
exponentsare equal, or very closeto eachother.



Behavior of GALI, for chaotic motion
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Behavior of GALI, for chaotic motion

N particles Fermi-PastaUlam (FPU) system:

N.el

2
with fixed boundary conditions, N=8 andb=1.5.
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Behavior of GALI, for regular motion

If the motion occurs on an s-dimensional torus with stN then the
behavior of GALI , is given by (Ch.S., Bountis, Antonopoulos, 2008

Eur. Phys J. Sp. Top.):

e
Tconstant if 2¢k s
\
GALI (1) ° {tkl_s if s<k ¢2N-s
]
T 1 .
’I‘tZ(TN) |f 2N'S<k¢2N

while in the commoncasewith s=Nwe have:

gconstant iIf 2¢ k ¢N
GALI () ~ | 1

AI £20c)

if N<k ¢2N



Behavior of GALI, for regular motion

N=8 FPU system The unperturbed Hamiltonian (b 9) is written asa
sum of the so-called harmonic energiesk;:

with :



